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An example plot of an ‘instantaneous’ frequency versus time appears in Figure 4.3 for an 
oscillator under test. Notice the use of the symbol yi to represent the average frequency for the ith 
sample rather than something more conventional like fi. The use of yi appears to be traditional but most 
often represents a normalized (a.k.a., fractional) frequency commonly written as (f-fo)/fo where fo is the 
nominal or average frequency; the normalized frequency simply represents the fractional departure 
from the nominal frequency and it does not have units. For the present discussion, we use the notation 
yi to mean the average frequency over the ith interval 𝜏𝑜 and it has units of Hz. We reserve the notation 
�̅�𝑖 for the case when the procedure averages over multiple yi. The average can also be written with the 
angular brackets such as <yi>.  The set of yi, denoted by {yi}, provides the sample sequence for the Allan 
formalism. 

 

 
 

The Allan Variance, often denoted by AVAR or alternatively by 𝜎𝐴
2, is sometimes written as   
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where 𝑦𝑖 = 𝑦(𝑡𝑖)  are the frequency samples taken for each 𝜏𝑜  interval, that is 𝑡𝑖+1 = 𝑡𝑖 + 𝜏𝑜. Notice 
there cannot be any dead time between each 𝜏𝑜  for these calculations. The average in Equation 4.9 
should be over all times (infinite) but that’s obviously impossible. The data must be therefore analyzed 
as a collection of N frequency samples with the AVAR estimated as  
 

𝜎𝐴
2 =

1

2
  

1

𝑁 − 1
∑  (𝑦𝑖+1 − 𝑦𝑖)2 

𝑁−1

𝑖=1

=
1

2
  

1

𝑁 − 1
{ (𝑦2 − 𝑦1)2+(𝑦3 − 𝑦2)2 + ⋯ +  (𝑦𝑁 − 𝑦𝑁−1)2} 

 (4.10) 
Figure 4.3 shows an example of N=25 samples. The N-1 appears at the top of the summation symbol 
because N samples provide N-1 adjacent pairs. For example, the two pairs for N=3 can be listed as 
𝑦3 − 𝑦2 and 𝑦2 − 𝑦1.   
 

The Allan Deviation, often denoted by ADEV or alternatively by 𝜎𝐴, is the square root of the 
Allan Variance. 
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 〈  (𝑦𝑖+1 − 𝑦𝑖)2  〉      (4.11) 

 
INTERPRETATION: The Allan Deviation is the RMS average of the ‘distance’ between adjacent 
frequency values yi.  Here ‘distance’ provides a visual cue and really means the ‘difference’ 𝑦𝑖+1 − 𝑦𝑖. 

Figure 4.3: Example plot of the 
instantaneous frequency (solid 
curve) from an oscillator under 
test vs. the elapsed time. The 
instrument averages the signal 
over time 𝜏𝑜 as shown by the 
short horizontal lines. The 
averaged frequencies are 
labeled as the yi on the 
frequency axis. For the example 
plot, the instrument provides 
N=25 samples. 
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